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Abstract: Minimum mean-square error frequency domain equalizer (MMSE-FDE) is a promising technique that 

can handle the effect of a multi-path propagation channel and hence enhance the bit error rate (BER) 

performance in MIMO systems. MMSE-FDE is complex because its adapted weights require the calculation of 

channel state information (CSI) and signal-to interference plus noise power ratio (SINR). Both are considered 

as difficult tasks and important issues to obtain especially in long term evolution (LTE) and massive MIMO 

systems. To tackle these issues, adaptive affine projection frequency domain equalizer (AAPFDE) used within 

overlap-save method (OLSM) is proposed where its adapted weights do not depend on CSI or SINR.  In this work, 

the proposed AAPFDE within OLSM is used in conjunction with a turbo decoder to enhance the BER performance 

in 8x8 and 16x16 MIMO SC-FDMA systems. Simulation results showed that MMSE-FDE outperforms the 

proposed AAPFDE in MIMO SC-FDMA system, but the proposed AAPFDE is simple and achieves good BER 

performance with less execution time. 
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I. Introduction 
 Frequency domain equalizer (FDE) [1-4] is preferable to the time domain equalizer [5-7] because it 

relays on Fast Fourier Transform (FFT) that requires less computations which results in less round-off error or 

noise. The received signals in MIMO SC-FDMA system are coupled both in time and space and they need 

efficient receiver to enhance the BER performance. This can be realized by frequency domain equalization 

schemes [7-10].  

The literature [8] adopts two frequency domain equalization schemes, the joint complex regularized zero 

forcing scheme (JCZF) and MMSE scheme. Both schemes were used to analyze and investigate the 

performance improvement of MIMO SC-FDMA system under different carrier frequency offsets and channel 

models. Simulation results showed that JCZF scheme is highly competitive to MMSE scheme. 

Different receiver algorithms and structures for MIMO SC-FDMA were proposed in [9]. One of those 

structures is a frequency domain MMSE equalization with spherical decoding. The main disadvantage of this 

designed receiver is its complexity. MMSE linear frequency domain equalization was also investigated for SC-

FDMA transmission over MIMO THz channel [10]. Simulation results showed that MMSE linear frequency 

domain equalization is promising for practical THz systems. 

As was mentioned earlier, most of researchers depend on minimum mean-square error frequency domain 

equalizer (MMSE-FDE) as a promising technique that can handle the effect of MIMO systems and have great 

BER performance improvement. The main disadvantage of MMSE-FDE is its complexity because its adapted 

weights require the calculation of channel state information (CSI) and signal-to interference plus noise power 

ratio (SINR). Both are considered as difficult tasks and important issues to obtain especially in long term 

evolution (LTE) and massive MIMO systems. 

In this paper, these issues are tackled by designing adaptive affine projection frequency domain equalizer 

(AAPFDE) used within overlap-save method (OLSM) where its adapted weights do not depend on CSI or SINR 

values. The proposed AAPFDE within OLSM is used in conjunction with a turbo decoder to enhance the BER 

performance in 8x8 and 16x16 MIMO SC-FDMA systems in extended pedestrian A (EPA) channel. In summary, 

the motivation and contributions of this paper are: 

1. Design a moderate receiver without requiring difficult parameters to estimate or depend on like CSI and 

SINR, where these parameters depend mainly on the channel type and its characteristics.  

2. This moderate receiver depends on adaptive affine projection algorithm (APA) implemented in frequency 

domain equalizer within overlap-save method (OLSM). They are used in conjunction with a turbo decoder 

to enhance the BER performance of MIMO SC-FDMA system.  

3. The AAPFDE weights are presented and compared with MMSE-FDE weights. 

4. Demonstration of BER performances for 8x8 and 16x16 MIMO SC-FDMA systems in extended pedestrian 
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A (EPA) channel using both MMSE-FDE and AAPFDE. 

5. Simulation results are compared and showed that MSE-FDE outperforms the proposed AAPFDE in MIMO 

SC-FDMA system. but the proposed AAPFDE is simple and achieves good BER performance with less 

execution time. 

 

II. MIMO SC-FDMA system structure 
A proposed transceiver system model of MIMO SC-FDMA with Nt× Nr antennas is shown in Fig. 1. A 

frame of data bits of i-th transmit antenna (i = 1, 2,  .., Nt) is encoded using a turbo encoder. 

The coded bits are interleaved by using a random interleaver, and then they are QPSK modulated. A 

block of M data symbols is represented by 𝒙𝑖 , i.e., 𝒙𝑖 =   𝑥𝑖 ,0 , 𝑥𝑖 ,1, … , 𝑥𝑖 ,𝑀 , serial-to-parallel converted and 

transformed to a frequency domain block 𝑿𝑖 =   𝑋𝑖 ,0  , 𝑋𝑖 ,1 , … , 𝑋𝑖 ,𝑀   using M-point fast Fourier transform (FFT). 

After using localized mapping, 𝑿𝑖  is mapped to N > M subcarriers, i.e. 

𝑺𝑖 = 𝑨𝑿𝑖 .      (1) 

where  𝑨 = 𝑁 × 𝑀 is the source allocation matrix of the localized mapping. The block 𝑺𝑖  is transformed 

to a time domain block 𝒔𝑖  via N-point inverse fast Fourier transform (IFFT) and returns the transmitted SC-

FDMA signal vector as: 

𝒔𝑖 =  𝑭𝑁
𝐻𝑨𝑭𝑀𝒙𝑖 =  𝑭𝑁

𝐻𝑨𝑋𝑖 .      (2) 

where  (.)
H
 denotes the Hermitian operator. 𝑭𝑁  and  𝑭𝑀  are 𝑁 × 𝑁 and 𝑀 × 𝑀 FFT matrices, 

respectively. 

Circular sub-channel matrices 𝓗𝑖 ,𝑗  are assumed to achieve circular property in the transmission. The 

received signal vector of j-th receiver antenna (j = 1, 2,…, Nr) is given by: 

 

𝒚1

⋮
𝒚𝑁𝑟

 =   

𝓗1,1 … 𝓗1,𝑁𝑡

⋮ ⋱ ⋮
𝓗𝑁𝑟 ,1 … 𝓗𝑁𝑟 ,𝑁𝑡

  

𝒔1

⋮
𝒔𝑁𝑡

 +  

𝜼1

⋮
𝜼𝑁𝑟

 .      (3) 

where 𝓗𝑖 ,𝑗  is the frequency selective fading channel matrix between the i-th transmit antenna and j-th 

received antenna. The  𝜼𝑁𝑟   is a complex valued additive white Gaussian noise with zero mean and unit 

variance.  

At the receiver, after N-point FFT and demapping, the received signal vector in frequency domain is 

represents by: 

 
𝒀1

⋮
𝒀𝑁𝑟

 =   

𝑯1,1 … 𝑯1,𝑁𝑡

⋮ ⋱ ⋮
𝑯𝑁𝑟 ,1 … 𝑯𝑁𝑟 ,𝑁𝑡

  
𝑺1

⋮
𝑺𝑁𝑡

 +   
𝚷1

⋮
𝚷𝑁𝑟

 .      (4) 

 

where 𝑯𝑖 ,𝑗  is 𝑀 × 𝑀 channel gain diagonal matrix, 𝑺𝑖 ,  and 𝚷𝑗  are the signal component, and noise 

component, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.1 Proposed model of MIMO SC-FDMA 

A. Turbo Decoding In Conjunction With Overlap-Save Method (OLSM) Block 

The aim of his work is to design the overlap-save method (OLSM) block diagram in which the adaptive 

affine projection FDE is considered as the main part of it. The OLSM block diagram is shown in Fig. 2. The 

received SC-FDMA signal vector  𝒀𝑗    is transformed again to time domain symbols using M-point IFFT and 

enters overlap-save method (OLSM) block [11-13]. The time domain vector at point (a) is divided into a 
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sequence of 𝐵-symbol blocks 𝐵 ≤  N𝐵  with certain overlap of length 𝑁𝐵  . 𝑁𝐵  is the FFT size used to convert 

these blocks to a frequency domain. The frequency domain signal block is represented by: 

𝑹𝒋 𝑘 =  𝚮𝒊,𝒋 𝑘 𝐒(𝑘) + 𝚫𝒋 𝑘 ,      𝑘 = 0,1, … , 𝑁𝐵      (5) 

where 𝚮𝒊,𝒋 𝑘 , 𝐒 𝑘 , and 𝚫𝒋 𝑘  are respectively the channel gain, the signal component, and noise 

component due to AWGN. Now, each frequency component 𝑹𝑗  𝑘  is multiplied by the adaptive affine 

projection frequency domain equalizer (AAPFDE) weight 𝐰𝑗  𝑘 : 

𝓡𝑗  𝑘 =  𝐰𝑗  𝑘 𝑹𝑗  𝑘 𝑗 .       (6) 

Next, the equalized symbol blocks 𝓡𝑗  𝑘  are transformed into time domain by using 𝑁𝐵 −IFFT where 

the processed data blocks are combined to form 𝑫𝑗  vector at point (b). The vector 𝑫𝑗   is now entered to QPSK 

demodulator. The output of the demodulator is de-interleaved and is input to a turbo decoder [14-17]. 

I. PROPOSED METHOD 

The proposed method is based on designing a receiver based on overlap-save method (OLSM) of MIMO 

SC-FDMA system as shown in Fig. 1 and Fig. 2. The main part of OLSM is the adaptive affine projection 

frequency domain equalizer (AAPFDE). The adaptive affine projection algorithm can be presented by: 

Let the input vectors 𝐗 𝑛  be x 𝑛 , x 𝑛 − 1 , … , x(𝑛 − 𝑃𝑜 + 1) and the wanted output samples 𝐝 𝑛  to 

be d 𝑛 , d 𝑛 − 1 , … , d(𝑛 − 𝑃𝑜 + 1), where 𝑃𝑜 is the projection order. The aim is to minimize the squared 

Euclidian norm of the difference between the updated weight vector 𝐰(𝑛 + 1), and the previous weight vector 

𝐰(𝑛) which is given by equation [18-22]: 

𝛓 𝑛 = 𝐰 𝑛 + 1 − 𝐰 𝑛 .     (7) 

The solution of (7) leads to the affine projection update equation [18-22]: 

𝐰 𝑛 + 1 = 𝐰 𝑛 + 𝐗 𝑛  𝐗𝐓 𝑛 𝐗 𝑛  
−1

𝐞 𝑛 .      (8) 

where, the error estimation 𝐞 𝑛  is the difference between the desired output and the output of the equalizer. 

𝐞 𝑛 = 𝐝 𝑛 − 𝐗𝑇 𝑛 𝐰(𝑛).            (9)                                   

 

 

 

 

 

 

 

 

Fig.2 Overlap-save method block diagram 

 

In practice, (9) can be written as: 

𝐰 𝑛 + 1 = 𝐰 𝑛 + 𝜇𝐗 𝑛  𝐗𝐓 𝑛 𝐗 𝑛 + 𝜓𝐈 −1𝐞 𝑛 .     (10) 

Where, 𝜇 is the step size parameter, 𝐈is 𝑃𝑜 × 𝑃𝑜 identity matrix, and 𝜓 is a small positive constant to 

ensure the numerical stability of the algorithm when  𝐗𝐓 𝑛 𝐗 𝑛   is near singular matrix.  

In this paper, the adaptive affine projection algorithm is applied in a frequency domain equalizer as 

AAPFDE. Therefore, both the input and the desired output of the equalizer are represented in frequency domain. 

If  𝑃𝑜 = 1, the APA is just normalized least mean square (NLMS) algorithm [18-22]. It is still less 

complex compared to MMSE algorithm where the tap weight vector adaptation 𝑾 𝑲  in MMSE-FDE depends 

on channel state information and signal-to interference plus noise power ratio (SINR) as described below [23]: 

 

𝑾 𝑲 =
𝑯⋆(𝑲)

 𝑯(𝑲) 𝟐+𝝒−𝟏.      (11) 

 

Where, 𝐻 𝐾  is channel state information (CSI), and 𝜘−1 is signal-to-interference plus noise ratio 

(SINR) 

 

III. Results and Discussion 
The bit error rate (BER) performances of MIMO SC-FDMA system using the proposed AAPFDE and 

MMSE-FDE are evaluated by simulations. The turbo encoder is of rate 1/2 and its generator polynomial is 

represented as (5, [23 35], 23). QPSK data modulation is used. The extended pedestrian A (EPA) model is used 
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as a channel model [29]. It has seven Rayleigh fading taps at delays of 0, 30, 70, 90, 110, 190, and 410 ns, with 

relative power of 0, -1, -2, -3, -8, -17.2, and -20.8 dB, respectively. Five iterations are performed for both 

AAPFDE and turbo decoder. Table no 1 summarizes simulation parameters.  

Block LU decomposition [ 24-28] was used to reduce the execution time of the matrix inversion of the 

adapted weights of both equalizers. The execution time of the proposed system using AAPFDE and MMSE-

FDE was measured without and with block LU decomposition as listed in Table no2. By comparing (10) and 

(11), it can be noticed that the execution time without and with block LU decomposition for AAPFDE is less 

than MMSE-FDE because MMSE-FDE requires more time to find CSI as well as SINR. 

Table no 1: Simulation parameters 

Parameter Value 

System bandwidth 5 MHz 

Interleaver type random 

SC-FDMA mapping Localized 

Channel coding Turbo coding, rate 1/2 

Channel model EPA 

MIMO Technique Transmit diversity 

Number of transmitter antennas 2, 4 

Number of receiver antennas 2, 4 

FFT size for overlap-save method 𝐍𝑩 32, 64 

Adaptive FDE algorithm Affine Projection, MMSE 

Step size of AAPFDE 0.1, 0.01, 0.5 

Projection order (𝑴) of AAPFDE 1, 2, 3 

 

Table no 2: Execution time without and with block LU decomposition 

 

 

 

Fig. 3 shows the BER performances using three different step size values with projection order 𝑃𝑜 = 2 

of AAPFDE. The FFT size in OLSM for both AAPFDE and MMSE-FDE is N𝐵 = 32. Coding gain of 2 dB is 

observed at BER=5 × 10−2 between 8x8 and 16x16 MIMO SC-FDMA using MMSE-FDE. Also, at BER=5 ×
10−2 for AAPFDE, coding gain values of 1.5 dB, 2 dB and 1.75 dB are observed for 𝜇 = 0.01, 0.1 and 0.5 

respectively between 8x8 and 16x16 MIMO SC-FDMA systems. It is seen that better performances can be 

obtained when using AAPFDE with small values of  𝜇. Although good BER performances are obtained when 

𝜇 = 0.01 for AAPFDE, the BER performances of MMSE-FDE is much better than the BER performances of 

AAPFDE for 8x8 and 16x16 MIMO SC-FDMA systems. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig.3 BER performances of 8x8 and 16x16 MIMO SC-FDMA systems using MMSE-FDE and 

AAPFDE (applied with different step size values, and Po=2). NB =32. 

 

 

System Type with 𝐍𝑩 = 𝟑𝟐 

without Block LU 
Decomposition 

(sec.) 

with Block LU 
Decomposition 

(sec.) 

8x8 MIMO SC-FDMA using AAPFD 301.84 161.49 

16x16 MIMO SC-FDMA using AAPFDE 389.09 196.25 

8x8 MIMO SC-FDMA using MMSE-FDE 408.34 218.06 

16x16 MIMO SC-FDMA using MMSE-FDE 557.12 323.65 
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Three different projection order values with step size  𝜇 = 0.1 of AAPFDE are illustrated in Fig.4. The 

FFT size in OLSM for both AAPFDE and MMSE-FDE is N𝐵 = 32. Coding gain of 2 dB is observed at 

BER=5 × 10−2 using MMSE-FDE. The worse performance of AAPFDE is obtained at BER =5 × 10−2 and 

𝑃𝑜 = 1, here the AAPFDE works as adaptive normalized least mean square (NLMS) equalizer with a 

performance gain of 1.25 dB obtained between 8x8 and 16x16 MIMO SC-FDMA systems. At the same BER= 

5 × 10−2 ,better Performances of AAPFDE can be obtained for higher order of  𝑃𝑜 values where, coding gains 

of 1 dB and 2 dB are obtained at  𝑃𝑜 = 3  and  𝑃𝑜 = 2  respectively.By comparison of simulation results, 

MMSE-FDE still behaves better than AAPFDE (with 𝑃𝑜 = 3 ) for 8x8 and 16x16 MIMO SC-FDMA systems. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4 BER performances of 8x8 and 16x16 MIMO SC-FDMA systems using MMSE-FDE and 

AAPFDE (applied with different projection orders and  𝜇 = 0.1). NB =32. 

 

 

Two NB values of 32 and 64 are chosen for both MMSE-FDE and AAPFDE as shown in Fig.5. These 

values are applied for 8x8 and 16x16 MIMO SC-FDMA systems. The AAPFDE is applied with step size value 

𝜇 = 0.1 and projection order 𝑃𝑜 = 2. At BER=5 × 10−2 , coding gains of values 2 dB, and 2 dB are obtained 

with NB =32 for MMSE-FDE and AAPFDE, respectively. The system performs worse at NB =64 with coding 

gains of values 1 dB, and 2 dB for MMSE-FDE and AAPFDE, respectively.  It can be noticed that when NB is 

small, better performances can be obtained. MMSE-FDE behaves much better than the proposed AAPFDE for 

both NB values. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5 BER performances of 8x8 and 16x16 MIMO SC-FDMA system using different NB values for 

MMSE-FDE and AAPFDE (with μ =0.1 and Po=2). 

 

 

The equalized signal scatter plot using NB =32 for AAPFDE and MMSE-FDE are shown in Fig.6 and 

Fig.7 respectively. It can be noticed that MMSE-FDE has better scattering plot compared to the proposed 

AAPFDE.   
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Fig. 6 AAPFDE equalized signal scatter plot   Fig. 7MMSE-FDE equalized signal scatter plot 

 

IV. Conclusion 

Throughout this work, a moderate receiver was designed that depends on adaptive affine projection 

algorithm (APA) implemented a in frequency domain equalizer as AAPFDE within overlap-save method 

(OLSM). Demonstration of BER performances for both AAPFDE and MMSE-FDE in 8x8 and 16x16 MIMO 

SC-FDMA systemswere evaluated by simulations. It was shown by simulation that 8x8 MIMO SC-FDMA has 

better performance than 16x16 MIMO SC-FDMA system using the proposed AAPFDE for small value of 𝜇, 

moderate value of 𝑃𝑜 and small value of N𝐵. Also, MMSE-FDE performs much better and has better scatter plot 

than AAPFDE.  

The objective of this work was to design a receiver with less complexity and execution time. MMSE-

FDE outperforms the designed AAPFDE but at the expense of high complexity and hence high cost in the 

design. It was shown by simulation results that the complexity of MMSE-FDE comes from the calculation of 

CSI and SINR values to estimate its adapted weights while the designed AAPFDE does not require these values 

to estimate its adapted weights. Moreover, the execution time for the designed AAPFDE is less compared to 

MMSE-FDE without and with block LU decomposition.  Therefore, the proposed AAPFDE is simple and 

achieves good BER performance in MIMO SC-FDMA systems. 
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